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ABSTRACT

In the study of calculus, the concept of limit of function occupies a central role as it is important
instruments used in the study of the theory of rate of change, continuity, integral calculus, and
differential calculus. Despite its significance, the secondary students hold the inadequate
understanding of the limit concepts, more over their concept image of the limit function deviated
from the concept definition resulting in the misconception. This study aims to identify the
misconception in the limit of function and possible causes of misconceptions. This study was done
in two phases, a concept test based on limit of function was administered to all 25 students of
Samtse Higher Secondary School. Subsequently, based on the errors and misconception
demonstrated by students from the concept test, five students were purposively selected and
interviewed to corroborate the finding from concept test to confirm the existence of misconception
and its causes. Data from the transcripts, capturing essential and relevant bits of student's
responses to each question, was collected. The data were analyzed and result of the study can be
described as follows; it was found that learners only think of the manipulative aspect when solving
problems on limits and not of the limit concept, confusion over the concept of the limit and value of
function, and ambiguity regarding the formal definition of the limit of function. The possible cause of
the misconceptions can be attributed to instrumental learning and lack of the sound knowledge in
algebra which is cornerstone to understand the limit concept.

*Corresponding author: Email: kadoscs@education.gov.bt;



Kado,; AJESS, 15(3): 24-32, 2021; Article no.AJESS.65333

Keywords: Limits; misconceptions; conceptual/relational understanding; instrumental understanding.

1. INTRODUCTION

The study of calculus is one of the most
fundamental topics in mathematics due to its
widespread application in multidisciplinary fields.
It is an essential tool employed in the pursuit of
biological sciences, physical sciences,
engineering and economics [1-3], within it, the
concept of limit is considered fundamental to
calculus [4,5,6]. The concept of limit is also
important to define the concept of derivative,
integral, and convergence or divergence [5]. For
instance, Instantaneous velocity is the limit of
average velocities; the slope of a tangent line to
a curve is the limit of the slope of secant line; the
area of a circle is the limit of areas of the
inscribed polygon as the number of sides
increases infinitely (Brokate, Manchanda &
Siddiqi, 2019, p.39).

It will be impossible to understand the concept of
continuity, derivative, and definite integral without
conceptualizing the essential components of
limits.Additionally, Swinyard(2011) has claimed
that a more succinct interpretation of the calculus
involves a detailed understanding of key
components of the formal description of the limit
function.

Despite its importance, limits concepts have
been historically difficult for introductory calculus
student [7,5,8] (Girbluz & Agsu, 2018;Muzangwa
& Chifamba,2012; Tall,1992) as they cannot
elucidate the role of limit in providing the
algebraic definition of derivative and definite
integral as limit of sum[1,9] (Hankioniemi, 20086).
The epistemological obstacles that students
encountered in teaching and learning of limits
were, “Confusion over whether a limit is actually
reached, dynamism of limits and static character
of limits” [10]. Additionally, relating the limit
concept to continuity and derivative were
complex for the students [10].

The incomplete understanding of limit may
attribute to the conventional teaching and
learning approaches that focuses more on
instrumental understanding than relational
understanding[11] resulting in viewing the limit
concept on its own without any connection to
differential and integral calculus. Aréchiga
Maravillas et al., [1] also asserted that students
could mechanically calculate the limit but failed to
manifest its underlying conceptual
understanding.  Recent investigation had
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demonstrated that students were more
successful in learning the limit of function
operationally rather than relationally, moreover
they memorized the mechanical operation to be
successful in the exam (Axtell, 2006). The
instrumental understanding of calculus provides
an imperfect concept definition of the calculus in
the cognitive system that generates space
between the instrumental understanding and the
relational understanding, which are potential
sources of the misconception in calculus [12, 13,
14].

Misconceptions are often defined as
misunderstandings of concepts [15, 16). Kamid
et al [17] defines misconception as conceptual
framework of the learners in the context of
powerful perceptions that varies from what
should be in general according to empirical
standards. Misconceptions arise when learners
incorrectly visualized the knowledge he gets from
his everyday encounters, structured, informal
interactions, and distortions of instructions he
receives before he generates his own theories
either formally or informally (Zulnaid & Oktavira,
2018).

Some of the misconceptions identified in the limit
of the functions: students assumed that a
function has to be defined at a point to have limit
at that point, a function undefined at a certain
point does not have limit, the value of the
function at specific point is equal to the limit of
the function at that point (17,10). Jordaan [18]
investigated the engineering students’
misconception of the limit concept in the
mathematics course, he asserted that value of
the limit at a point is equal to the function value
at that point. Additionally, they consider seeking
boundaries and replacing them as essentially the
same thing.

A study by Makonye [19] concluded that students
missing the principles of pre-calculus including
algebra and functions are the potential source of
the misconceptions. It has been experimentally
demonstrated that about 65% of students are
unable to distinguish between the algebra and
calculus principles [19]. The other potential
calculus errors and misconception as seen in
previous studies are errors related to
mathematical terms such as tangent, limits,
derivative, and functions [20]. Makonye [19]
asserted that incomplete interpretation of the
terminology led to an incomplete understanding



of the definitions by students. The everyday
vocabulary or words contained in the cognitive
structure of students disagree with some of the
mathematical terms such as,' limits," simply, it
means stop, but it had distinct connotations
mathematically(Tall,1980). In the sense of
sequence reaching limits, the phrases such as
‘tends to’, ‘approaches’, or ‘gets’ are used, they
assume the series cannot equal the limits [5].
Thus, the language uses in the textbook used to
describe the limit also contribute to the possible
cause of the misconceptions in the limit of
function.

Recalling the researcher's experience as a
teacher, he is cognizant about students’ difficulty
in understanding the limit of the function and
some of the potential misconceptions in the
process of teaching and learning. The students
were able to calculate limits on a number of
problems at the end of the unit, but they found it
very difficult to explain the idea of a limit in their
own words. The researcher became curious and
wanted to explore the concept of limits
furthermore. He wanted to examine the causes
of difficulty in learning the limit of function;
whether the difficulty is due to the abstract nature
of concepts, the presence of misconceptions, or
due to any other reasons.

In brief, it is clear from the comprehensive
evidence in literature that the misconceptions
occur in mathematics in general, specifically in
calculus in the international context, but minimal
scholarly debate in the context of Bhutan, despite
enough anecdotal evidence. Therefore, my study
ascertain the possible misconceptions in limit of
function. This study also serves as stepping
stone for remedying the identified misconception
with effective instructional strategies.

1.1 Research Questions

This study addresses the following questions;

1. What kind of misconceptions do students
have in the limit of a function?
2. What are their difficulties to understand the

limit concept?
1.2 The Significance of the Study

The important role that limits play in Calculus is
acknowledged by most educators and
educationists, but it is a fact that the inherent
nature of limits is quite complex. Most students

26

Kado,; AJESS, 15(3): 24-32, 2021; Article no.AJESS.65333

find it difficult to understand this idea. Therefore,
the identification of the students’ misconceptions
will have value in the following ways:

» It might lead to a better understanding of
the students’ thought processes and the
quality of learning that takes place.
Knowledge of misconceptions can be
employed in planning more effective
teaching strategies and methods.

It can also be used to present richer
learning experiences to the students.

The identification of misconceptions can
create worthwhile opportunities to enhance
learning.

Minimizing misconceptions and providing a
better understanding of the idea of a limit.

2. MATERIALS AND METHODS

This study was conducted in sequential
approach. First in a survey design the students’
pre conception was assessed using the concept
test and analyzed qualitatively. Based on the
findings of the concept test, a single group
design was subjected to semi-structured
interview to corroborate the finding of the
possible misconceptions from the concept test.

The focus of the study was to determine the
possible misconceptions in learning the limit of
the function by grade Xl students. In doing so, all
the students studying mathematics in grade Xl
from Samtse Higher Secondary School were
taken as study population. Purposive sampling
was employed in selecting students as
respondent of the study. The students who
selected were enrolled in science stream for the
academic year 2018-2019.

The study employed two different types of data
collection instruments. The first is the calculus
concept test (pre-test) based on the section
dealing with limits in calculus from the prescribed
textbooks, was offered to all the students to
identify errors and misconceptions. The second
was semi-structured interview to substantiate the
findings from the concept test.

3. RESULTS

3.1 Analysis of the Data from Concept
Test

The concept test administered to 25 students
was to ascertain their conception about the limit



of function in calculus. The four questions were
designed to unearth students’ possible
misconception while learning the limit and their
relational understanding about the concepts.
Table 1 is the summary of their findings.

Based on the analysis made on the data
gathered through the test in the specified area,
the observed difficulties and error type of
students in the study are summarized as follows:

» Twenty two of the respondents (88%)
evaluated the limit of functions by simply
substituting the value of the function but
need to confirm whether limits is simply the
mechanical substitution or not.

Twenty five of the respondents (100%)
indicated that the value of limit of function
is same as the value of the function.

Ten of the respondents (44%) had a
conceptual or relational understanding of
the limit of a function. The remaining
fourteen respondents (56%) had partially
confirmed the misconception in the limit of
function which can further confirm by in-
depth interview.

3.2 Analysis of the Data from the
Interviews

To further corroborate the finding for the possible
existence of misconceptions, students were
interviewed with semi-structured. The interview
was conducted with 5 purposefully selected
students. All the 5 students were interviewed for
5 minutes.

Misconception 1: Students believe that limit
concept is about the mechanical substitution.
They think about the manipulative aspects and
do not focus on the concept of limit.

The respondents S1 and S2 were not able to
state the ¢,6 definition correctly. The epsilon-
delta definition of the limit function is utterly
difficult for some students. Respondents S3, S4
& S5 think that they can only get a limit if they
are able to substitute for x in the function. The
respondents intuitively visualize the limit concept
from the instrumental aspects not from the
conceptual dimension.

The aforementioned responses with an exception
of S2, indicated that the limits don’t exist or it is
undefined because when we evaluate, we will

get, . Students were also confused about the
0
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intermediate form , and undefined function.

0
Students were confused over the existence of
limit and being defined, in particular most of the
students think that limit at a point is same as the
value of the function at point. From their
responses, it is apparent that limit is not defined
but the function is defined. One student

responded that x° —2° must be simplified but
do not know how to simplify. He had forgotten
the factor theorem; remainder theorem and long
division.

4. DISCUSSION

The summary of the identified misconceptions
were;
a) Students talk of a limit not being defined at
a point when it is the function that is not
defined at the point.
Students think only about the manipulative
aspects and do not focus on the concept of
a limit.

b)

Most students think that a function has to be
defined at a point to have a limit at that point, a
function undefined at a certain point does not
have a Ilimit. Students assume that 'limits'
actually means replacing the value at which the
limit is to be found with the expression .The
concept image of the function and limit for
students is governed by algebraic manipulations
and routine algebraic manipulation isolated from
the fundamental principles, this degree of
comprehension is known as,” action view of limit”
[21]. Sebsibe et al. [22] also argued that the
knowledge generated from the routine
mechanical computation resulted in viewing the
value of function at a point similar to the
existence of function at that specific point. The
earlier research indicates that the
misconceptions exist in the space between
instrumental and relational understanding. Thus,
students should relationally comprehend the limit
concept, instead of mechanically memorizing the
rules and formulae.

Students think only about the manipulative
aspects and do not focus on the underlying
concept of the limit of function. The use of
formulae make calculation easier, but it does not
promote relational understanding, instead it
enhances instrumental understanding [23]. He
recommended that the growth of students’
conceptual understanding should go hand in
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Table 1. Breakdown of students’ choice to the questions

Item Correct Incorrect NR Remarks
N % N % N %
1 22 88 3 12 0 0 Evaluated the limits by substitution
2 0 0 25 100 0 0 The value of limit at point is same as the value of function that specific point
3 0 0 23 92 2 8 Limit is not being defined at a point
when it is the function that is not defined at a point
4 10 44 14 56 1 0 The concept image of limit is dominated by mechanical substituion
Table 2. Data from the interviews
Interviewer Code Interviewee responses
S1
Explain the definition in your own words We deal d > 0 suchthatx —a>0,f(x) -1l >¢€...
S2 | can’t recall it...
lim f (x) =1 S3 There is a number an in the x — axis and that number as it approaches x,
there is again another number in the y — axis which is [ it also approaches
What about /? ()

... f(x) cannot pass the point | when X is approaching that point a.

S4
Because there is not xinl, we cannot find the limit.

S5 The lim,_,, f (x) is the same as f(a)
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Student Interviewer Interviewees’ Responses
Explain the method that you will use to find the limit ; “We have to substitute the value of x in the expression. When we substitute,
5 S 0
S1 lim X -2 we will get —, so limit is undefined and doesn'’t exist at x = 27
=2 x—=2 0
Is your function defined at x=27? “Function is defined at x = 2 but limit is not defined”
Explain the method that you will use to find the limit ; “This one we can't immediately plug in 2. We have to find a way of factorizing
L the numerator so that it could cancel out with the (x —2) ”
S2 lim
X2 x — 2
Can you get the limit if you can't factorize the “I can't find the limit, (The student is unable to factorize the numerator.”
numerator?
Explain the method that you will use to find the limit ; “We cannot find the value of limit because of its infinity. The limits don’t exist”
S3 X =2
lim
-2 x—=2
Is your function defined at x =27 “The function is defined if we factorize the numerator”
Explain the method that you will use to find the limit ; “We cannot find the value of limit because the limit is undefined”.
S4 5_ 95
.ox =2
lim
X2 x — 2

Is your function defined at x=27?

“| forgot the concept of function”
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hand with the growth of their manipulative
abilities. Recent research has shown that about
96 percent of participants are symbolically
successful at overcoming the limit problems, their
approach to solving the limit problem was
dominated by procedural skills [24].

Some students attempted to simplify an
expression x> — 2°, before evaluating the limit,
however, they were unsuccessful as they lacked
pre-algebraic skills. Their failure to simplify an
expression using the remainder and factor
theorem became one of the potential sources of
misconceptions. According to Siyepu [25], the
poor simplifying skills of students shall result in
possible errors and misconceptions.

From the interviewee’s responses, many
students apparently revealed having problems
with understanding the definition of the limit and
cannot state it correctly. Application of the
definition of the limit is most problematic when

students solve problems. The ¢, definition to
be considerably confusing to students. The
formal definition of the limit is very difficult for
students to state with understanding because of
the epsilon (¢), delta (6) approach. The student
most probably did not understand the definition
when it was taught. The student has learned the
concept, but he could not put it in his own words.
A few students have a concept image of the limit
as it was evident when they attempted question
number two correctly but lacked the knowledge
of the conception definition of limits. English
could be a problem in this instance and this
hinders his grasp of the mathematical language
and the ability to communicate. In research by
Davies and Vinner (1986) it was reported that
some of the usual misconceptions that students
have resulted from the influence of language.
Thus, one of the possible causes of
misconception may be lack of understanding of
mathematical language.

5. CONCLUSION

In conclusion, it is clear from the volume of
evidence in literature that students’
misconceptions concerning evaluation of limits
i.e. limit is equal to the function value at a point
(limit can be found by a method of substitution),
students think of limit not being defined at a point
when it is the function that is not defined at that
point and definition of limits. The finding reveals
that limits simply entail substituting the value at
which the limit is to be found, into the expression.
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