Hindawi

Advances in Mathematical Physics
Volume 2022, Article ID 5926415, 12 pages
https://doi.org/10.1155/2022/5926415

Research Article

@ Hindawi

Synchronization Problems of Fuzzy Competitive Neural Networks

Lingping Zhang,' Feng Duan,” and Bo Du®’

School of Mathematics and Statistics, Huaiyin Normal University, Huaian Jiangsu 223300, China
?Basic Education Department, Tongling Polytechnic, Tongling, Anhui 244061, China

Correspondence should be addressed to Bo Du; dubo7307@163.com
Received 3 March 2022; Revised 13 April 2022; Accepted 27 April 2022; Published 19 May 2022
Academic Editor: Jorge E. Macias-Diaz

Copyright © 2022 Lingping Zhang et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

This paper is devoted to investigating the fixed-time and finite-time synchronization for fuzzy competitive neural networks with
discontinuous activation functions. We introduce Filippov solution for overcoming the nonexistence of classical solutions of
discontinuous system. Using the fixed-time synchronization theory, inequality technique, we obtain simple robust fixed-time
synchronization conditions. Designing proper feedback controllers is a key step for the implementation of synchronization.
Furthermore, based on the fixed-time robust synchronization, we design a switching adaptive controller and obtain the finite-time
synchronization. It is noted that the settling time is independent on the initial value in the fixed-time robust synchronization.
Hence, under the conditions of this paper, the considered system has better stability and feasibility. Finally, the theoretical results

of this paper are attested to be indeed feasible in terms of a numerical example.

1. Introduction

Fuzzy cellular neural networks were first proposed in [1].
Fuzzy cellular neural networks can fulfil vagueness or uncer-
tainty for human cognitive processes. Therefore, the use of
fuzzy network system can more accurately simulate the situ-
ation of the real world. In recent decades, there have been a
lot of studies on fuzzy neural network systems. In [2], the
authors introduced fuzzy cellular neural network theory
and applications. Ali et al. [3] studied global stability analysis
of fractional-order fuzzy BAM neural networks with time
delay and impulsive effects. Chen, Li, and Yang [4] consid-
ered asymptotic stability of delayed fractional-order fuzzy
neural networks with impulse effects. In [5], the authors
studied a fuzzy Cohen-Grossberg neural networks and
obtained global exponential stability by using M — matrix
and Liapunov functions. The use of the Lyapunov method
and the linear matrix inequality (LMI) approach, existence,
uniqueness, and the global asymptotic stability of a class of
fuzzy cellular neural networks with mixed delays were
obtained in [6]. For discrete-time fuzzy BAM, see [7]; for
memristor-based fuzzy cellular neural networks, see [8]; for

tuzzy Cohen-Grossberg-type neural networks, see [9]; and
for chaotic fuzzy cellular neural networks, see [10].
Synchronization is a widespread phenomenon in nature.
Its research has important theoretical significance and prac-
tical application value (see [11-19] and related references).
Synchronization means that the state of coupled system
tends to be consistent with time moving. In finite-time syn-
chronization, the settling time is dependent on the initial
conditions which restrict its applications (see [20-24]). In
2012, Polyakov [25] proposed the concept of fixed-time syn-
chronization. In the case of fixed-time synchronization, the
settling time is independent on the initial conditions. Hence,
fixed-time synchronization has stronger applicability than
finite-time synchronization. Compared with many finite-
time synchronization problems on the neural networks, the
research of fixed-time synchronization is still in a primitive
stage, and lots of results have been obtained for the fixed-
time synchronization of neural networks (for more results
about fixed-time synchronization, see [25-28]).
Competitive neural networks (CNNs) can describe the
dynamic behavior of cortical cognitive maps with unsuper-
vised synaptic modifications. In the early studies for CNNs,
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Meyer-Base [29] studied CNNs with different time scales
and obtained dynamic behavior of CNNs. In the CNNs,
there exist two classes of state variables: the short-term
memory (STM) variable describing the fast neural activity
and the long-term memory (LTM) variable describing the
slow neural activity. Therefore, there exist two classes of time
scales in the CNNs: one of which describes to the fast change
of the state and the other to the slow change of state. CNN’s
have extensive applications in different industries and have
been studied by many researchers. Gu, Jiang, and Teng
[30] studied existence and global exponential stability of
equilibrium of CNNs with different time scales and multiple
delays. Meyer-Base, Roberts, and Thitmmler [31] considered
the local uniform stability of CNN's with different time scales
under vanishing perturbations. For stochastic stability anal-
ysis of CNNs, see [32]; for multistability of CNNs, see [33];
for multistability and instability of CNNs, see [34]; and for
robust stability analysis of CNNs, see [34].

To the best of our knowledge, there are few papers
studying the finite-time and fixed-time synchronization
problems of fuzzy CNNs with discontinuous activations by
designing the adaptive controllers. Inspired by the above
work, we study the problems of finite-time and fixed-time
synchronization of CNNs with discontinuous activation
functions. The motivation of this paper is to enrich and
develop the research of competitive neural networks. Partic-
ularly, we will study a fuzzy competitive neural networks
with discontinuous activation functions which is a new
model. The main advantages are summarized in the follow-
ing three aspects:

(1) By designing some proper feedback controllers, we
obtain simple finite-time and fixed-time synchroni-

STM : x;(t) =-ax;(t)+ Zbijfj(x
j=1

with initial conditions

xi(s) = ¢;(5), Si(s) = 9}(s), s € [-7, 0], (2)

wherei=1,2, -, n,x,(t) denotes state of neuron current; S;(¢)
is synaptic transfer efficiency, f;(x;(t)) is the output of neu-

rons; a; > 0 is constant; b;; denotes the connection weight, d;
is the strength of the external stimulus; ¢;; is feed-forward tem-
plate; a;; and f3;; are elements of fuzzy feedback Min template
and fuzzy feedback Max template, respectively; T;; and R;; are

fuzzy feed-forward Min template and fuzzy feed-forward Max
template, respectively; V and A are fuzzy OR and fuzzy AND
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zation conditions which can be easily tested. Fur-
thermore, the above synchronization conditions are
different from the corresponding ones of [20-22]

(2) We first study a fuzzy CNNs with discontinuous
activations which can extend some previous results
to the discontinuous case, such as [26, 27, 35, 36].
In addition, the study of this paper enriches the
research content of CNNS (see [30, 31])

(3) In the synchronization control, adaptive control is
often more valuable than state-feedback control.
Through designing a proper and simple switching
adaptive control, we consider the finite-time syn-
chronization of the addressed drive-response sys-
tems. Furthermore, the upper bounds of the
settling time are also easily estimated. Hence, our
results are more valuable than the corresponding
ones of [13, 15, 17]

We organize the following sections as follows: Section 2
gives system description and some preliminaries. In Section
3, we give some suflicient conditions for the finite-time and
fixed-time robust synchronization. In Section 4, a numerical
example is given to test the feasibility of the obtained results.
Finally, some conclusions and discussions are drawn in Sec-
tion 5.

2. Model Description and Preliminaries

In this paper, we consider the following delayed fuzzy CNNs
with discontinuous activations:

n

t)) +d;S;(t) + Zcijvj+ AT,

operations, respectively; v; denotes input of the jth neuron;
and 7;(t) > 0 corresponds to the transmission delay along the
axon of the jth unit with 7 = max;cp ; <<, 7;(£)-

In view of drive-response synchronization, take system (1)
as the drive system and design the following response system:

STM : 3,(t) = =ai(t) + Y byf (3()) + diR(1) + ). ey,
j=1 j=1
T,-]-vj + j/j\l ocl-/-fj (yj(t - Tj(t))>

(t=7(1)) + Ry (1)
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where u,(t) and ,(t) are controllers. System (3) has the fol-
lowing initial values

Y9 = 6(5) Ri(5) = ¢8(s), s € 1,0, i= 1,2, (4)

Throughout this paper, we need the following assumptions:
(H,) For each i=1,2,--,n,f,: R— R is piecewise
continuous; i.e, f; is continuous except on a countable set
of isolate points &;. There exist finite right and left limits

f7(&,) and f; (£}). Moreover, f; has at most a finite number
of discontinuities on any compact interval of R.

(H,) For each i=1,2, --+, n, there exist nonnegative con-
stants A;; and A,; such that

sup Vi =l < Aly; — x| + Ay (5)

Vi€CO[f(x;)]m;€CO[f;(7)]

where
co[f;(x;)] = [min {f; (x;), f{ (x;) }> max {f; (x;), f (x;) }],
colf,(r)] = [min {f;()’) f ()’i)}’max {f;(yz)’fj(yz)}]

(6)

Since system (1) has discontinuous connection strength
coefficients, the classic solution is not suitable for system
(1); we introduce Fiippov solution for system (1). Consider
the following dynamic system

=%y, 120, (7)

(1) = (£ x(1)), x(0)

where x(t) is the state variable. If f (¢, x(¢)) is locally measur-
able function but is discontinuous with respect to x(¢), Filip-
pov [37] discussed the solution of Cauchy problem (7) and
gave the following definition.

Definition 1. Assume that f(f,x(t)): R, x R" — R" is
locally bounded and Lebesgue measurable for t>0. A
vector-value function x(¢) is called to be a Filippov solution
of system (7) if x(t) is absolutely continuous and satisfying
the following differential inclusionwhere t, >0 or ¢, = +o0o,
Ff(t,x(t))] is the Filippov set-valued map, co is the convex
closure of set N, p is the Lebesgue measure, and %B(x, d) is
the open ball with the center at x € R” and the radius § € R,.

Let X (1) = (x,(t)yx, (), S;(£),--,S, (1)) be the solu-
tion of system (1) with corresponding initial conditions
and Y(t) = (y,(t),--y,(t), R, (£),-+,R, (£))" be the solution
of system (3) with corresponding initial conditions. For i =
1,2,---,n and T € (0,+00), if x;(t), S;(t), y,(t), and R;(t) are
absolutely continuous on any compact subinterval of [0, T)
and satisfy the following inclusions:

3
x;(t) € —ax;(t) + Z bjcc {fj(xj(t))} +d;S;(t) + Z GV
=1 =1
+ j/Sl Tyv;+ /31 a;co [fj(x](t— T](t)))}
+ Y By i (e=mi)) | + Ry
8i(t) € =Si(t) + co[ f;(x;(1))]»
3i() €—a,(t)+ Y byeo| (1) | + diRi(1) + Y. ey,
j=1 j=1
+ j/=\1 T;v;+ j/}l ;€0 [fj(y](t— T](t)))}
T )Z B [ f, (y](t - Tj(t)))} + Ry (),
Ri(t) € =Ri(t) + co[f;(xi(1))] + ;(?) (8)
Obviously, the following set-valued maps
X;(t)>—ax;(t) + ib,—jc’o [fj(x]( } +dS;(t) + icuv]
j=1 j=1
+ j/:n\l T;v;+ j/:n\l a;;co [fj(x] (t - T](t)))]
+ j\:’}l B [f](x] (t—rj(t)))] + V Ry,
$i(t)==8;(t) + o[ f;(x:(1))],
Ju(ty==a,(t)+ Y byeo| f,(x(1) | + diRi(1) + Y e,
j=1 j=1
t A T;v;+ ]51 ®;o {fj (yj(t - Tj(t)))}
+ ,-\Z Bico [f] (y](t— Tj(t))>] + j\:ﬂ Ryv; + u;(1),
Ri(t)==Ry(t) + co[f;(yi(1))] + (1) (©)

have nonempty compact convex values. In view of the mea-
surable selection theorem, they are upper semicontinuous
and measurable. Thus, if x;(#) and S;(¢) are the solutions of
system (1) and y,(f) and R;(t) are the solutions of system
(3), there exist measurable functions

y(®)n(0): [-o. T) — R, (10)

where y = (y), Vprv,) 51 = (1 11p0e,) " ¥ € G0l (x;
(t)]n; € colf;(y;(t))] for ace. t € [-7, T) such that

n

STM : x;(t) = —ax;(t) +

=i A
+ji\1 ay(t—7;(t)) + j\z/l Biyi(t—7;(t)) + j\:/1 Ryv;
LTM : §;(t) = =S;(t) + y,(t)
(11)



n
STM = j;(t) = —ayy;(t )+ dRi(t)+ Y cyvi+ A Tyv

Z bijn (1)

n

+J_/:\1 an(t—7;(1)) + v Byt (t—7;(t)) + j\:/1 Rijv; + u(t)

LTM : R,(t) = =R;(t) +1;(t) + i;(t).

From (11) and (12), the errors are defined as

e;(t) =y;(t) -

Then, the error systems can be obtained by

x;(t), z;(t) =R;(t) = S;(t),i=1,2, -+, n. (13)
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u(t)
with initial conditions
eio(s) = $i(s), zio(s) = ¢i (s), s € [~

Let () = (e (£),r-e,(£), 2, (1) -2, ()"
(€10(5)s+€n0(5), 219 ($)> - ,Zno())T,SG[—ﬁOL

Definition 2. The drive system (1) and response system (3)
are said to be finite-time robustly synchronized, if there
exists a time t* such that ||e(t*)||=0 and ||e(t)]|=0 for
>t

7,0,i=1,2,---,n. (15)

and ¢g,(s) =

Definition 3. The origin of error system (14) is said to be
globally fixed-time stable if it is globally uniformly finite-
time stable and the settling time T is globally bounded; i.e.,
there exists T, >0 such that T(g,) < T, for g, € R*".

max —

Definition 4. The drive-response systems (1)-(3) are said to
achieve robust fixed-time synchronization if there exist a fixed
time T, and a settling time function T'(g,(s)) such that

m e@I=0,
e(t) = 0.V2T(g(s)), (16)
T(gy(5)) < T maxforey (s) € C*[-, 0],

where ||-|| represents the Euclidean norm and C*"[-7,0] is a
2n — dimessional continuous function space on [-7, 0].

Definition 5 (see [35]). A function V(x): R" — R is C—
regular, if it is

(1) Regular in R"
(2) Positive definite, i.e., V(x) >0 for x+ 0 and V(0) =
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(3) Radially unbounded, i.e., V(x) — +oo as ||x|| — oo

Lemma 6. [36] If V(x): R" — R is C — regular and x(t) is
absolutely continuous on any compact subinterval of [0, c0),
then x(t) and V(x(t)) are differential at t for a.e. t € [0,00).
Furthermore we have

V' (x(t))=E"x'(t) = ifpxpr(t),VE edvV(x(t), (17)
p=1
where 0V (x) = co[lim;__, ,\VV(x/): ¥/ — x,x/ ¢ MU Qy] is

the generalized gradient of V at x and co[-] denotes the convex
hull. M c R" is a set of measure zero and Q,, CR" is a set of
nondifferentiable points of function V.

Lemma 7. [38] If there exists a continuous radially
unbounded function V : R* — R* such that

V(e)=0ee=0. (18)

(1) For some p, 7> 0,0<p<1,q> 1, any solution &(t) of
system (12) satisfies

D'V (e(t)) < —pVP(e(t)) —nVi(e(t)) fore(t) € R\ {0},
(19)

and then, the error system (14) is global fixed-time stable at
the origin; moreover, the following estimate admits

V(t)=0,t=T(gy), (20)
with the settling time bound by T(gy) < T,.. = (1/p(1-p))
+(1/m(q—1)), where D*V(e(t)) is the upper right-hand

Dini derivative and € and €, are defined by Definition 3.

Lemma 8 (see [21]). For i,j=1,2, -
@ B € R, f; : R—> R. Then

- 1, assume that x;, y;,

A aifj (%) = A i (yj)

50
‘fj(xj) (%) ‘

(21)

Lemma 9 (see [39]). Assume that x,(t) >0and 0<a<1,
> 1. Then, the following inequalities hold:

< Z“xi]’ f](x])
j=1

Bt ) = Y B ()| < X8

ij
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3. Main Results

We design the following discontinuous control inputs:

{ u;(t) =—ry; sign (e;(t)) — jule;(t)] — Iy; sign (e;(t))[e;(t)[" — hy; sign (e;(t))]e;(t)[* — cy; sign (e;(t)) e;(t — 7:(2))]

(23)

i, (t) = —ry; sign (2;(t)) = jplzi(t)| = L; sign (z;(t))|z; ()P — hy sign (z;(t))|z:(1)P,

where i=1,2,---,n,0<p, <1,p, > 1,j;; and j,; are positive,
and ry;, 75 by by By By, and ¢p; need to satisfy some
conditions.

Theorem 10. Suppose that the conditions (H,) and (H,) hold,
systems (1) and (3) can be robustly synchronized by the con-
trol law (23) in a fixed time, provided that

lim sup [—ai(t) +

t—>+00

<|bij(t)| + |“ij(t)| + ‘ﬁij(t)‘>A2j]

n
j=1
<t Ty = Ay

(24)

tir?oo sup L;’bji(t) ’\li] <Jyi =M (25)

lim sup [‘” (|(xji(t){ + ‘ﬁji(t)’)/lu] <Cpip (26)
=1

t—+00

im sup [di(£)] <1+ (27)
Furthermore, lim, 5 |le(t)|[=0 and &(t) =0 for ¢ >
T oo Where the settling time T, is given as

1 1
T .== + =

T A(=p) e (p - 1)

(28)

where T=min {I,,,L,;,i=1,2,--,n}, h=min {h,;, h,,i=1,2,

<ol

Proof. Construct the following Lyapunov function:
V()= Vi(t) + Va(t), (29)

where V(t) =Y, e;(t)], Vao(t) = XL, |z:(t)]. Tt is easy to
see that V(¢) is C—regular. Compute the derivative of

V,(#) along the trajectories of error system (14); then

(30)
O
By assumption (H,), we have
Y. sign (1) Y. by(t) [n,() = v,(1)]
i=1 j=1
< lel|bij(t);[alj]yj-xj‘+A2].] (31)
i=1 j=
= Zl Zl [bi(D)[Ayj e + Zl Zl [b;(1)[ Az
=1 j= i=1 j=

" sign (&,(6)) A ot~ 7,0) (¢~ ,(0)]

IN
>

IN
M= 1M I
M=

A oo 6= i) =, (0=0)]

[
Il

nj(t—rj(t)) - y].(t— Tj(t))‘

|“ij|

-
[
—

IN

M-

| [Ayjle; (£ = 7(6)) ] + Ay

Il
—

-

Il
—_

1
s
N
N

I
—_
-

I
—

|| Ayjle; (£ = 7(6)) ] + |ty | Ay
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From the first equation of (23), we have
Y. sign (e;(0)u;(t) = ). sign (e;(1))[~ry; sign (e(t))
i=1 i=1
= juilei(t)] = L sign (e;(t)) le;(t) "' = hy; sign (e(t))]e;(£)[™

n
i~ Z J11|el

'M=

—cy; sign (e;(1))]e;(t —7,())

i=1 i=1
n n n
- z Lile ()™ - Z hyle;(t Z cyle;(t
i=1 i=1 i=1

(33)

From (30) to (33), we obtain

ij
=1

+ Z l_]lz + Z ’b]z’Alz‘| |€ (t
l_cli+ Z ‘“ji ﬁji
) - Z hyilei(£)[” + Z diz(t

s i l"li‘“i*ji (!bijl+|a,-j\+ B )’\2]1

+
™M= I

Il
—

1i

)Lu] lei(t —7;(2))]

|
M N

I
—_

(34)

Similar to the above certificate, we have

()= 3 = 3 sign ()20 + (1) -0 + ()
(35)
According to assumption (H,), we have
Z sign (z(0) (1,(6) = v,(8) < Y Ay = 1] + Ao
i= i=1 (36)

'M=

]
—_
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From the second equation of (23), we have

> sign (2(0)i(1)= Y sign (2(0)[-ra sign (2(0)
— Joilzi(t)] = L sign (z;(t))|z;(t)

n
|P2 <- Z T2~ Z]Zl‘zl

i=1 i=1

— h,; sign (z;(

)2
(37)

- Z Lilz ()| - Z hylz;(t)
izl i=1

In view of (35)-(37), we obtain

n

t) < _Z |z;(t)| + Z Avile;] + Z Ay = Z T
i1 izl i i
- Z Jailzi(£)] = Z Lilzi(t)[P = Z A
i=1 i=1

(38)
From (25), (34), (38), and Lemma 9, we have
z [—rl, —a;+ Ay + Z (]blj} + }oc |+ ,Bij(t)DAZj}
i=1 j=1

+ Z |:_jli+A1i+ Z |bjiM1i:| le;(1)]

j=1

+

{ i+ Z o () A + Z [0
(1) - Zh1,|e (D + Z

LI = Y alaOP <Y, (6O + =)

Z O+ |z (0 < [Z <|ef<t>|+|zi<t>>]pl

~h(2n)': {Z (lei()] + [z t)l)}
==V, (r)"

1,}60 7i(1))]

d; = 1= jo;)[z:(1)]

M= L'M= L"M=

-

—h(2n)'P:(
(39)

Based on Lemma 7, the error system (14) gets fixed-time
stability which yields that systems (11) and (12) achieve the
robust fixed-time synchronization, i.e., systems (1) and (3)
can be robustly synchronized by the control law (23). In
addition, the settling time is given as

1 1
Tmax == T = : (40)

(1-p,)  h(2m)" P (p,-1)

Now, we consider robust finite-time synchronization for
systems (1) and (3) under discontinuous adaptive controller.
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Design the following discontinuous control inputs:

{ ui(t) = =Ty sign (e;(t)) = sign (e;(t));(t) ¢y sign (e;(t))]e;(t = 7;(1))]
u;(t) =1 sign (z,(t)) - sign (zi(£))1;(1),
(41)

where i=1,2, -+, n,7y;, ,; and ¢,; are positive constants. For
&;(t) #0 and #,(t) # 0, the feedback gains &;(t) and #,(t) are
adapted according to the updated laws as follows:

§i(t) = wyle, (D) (1) = wyilzi(1)], 0y w5 > 0. (42)
For &,(t)=0 and z;(t) =0, let &,(t) =& and #,(t) =",
where &* and #* are sufficiently large constants.

Theorem 11. Suppose that the conditions (H,) and (H,) hold,
systems (1) and (3) can be robustly finite-time synchronized
by the control law (41), provided that

t—>+00

lim inf [—5,.0) E A, - Z |bﬁ(t)|}tli] >0, (43)
j=1

n

tlim inf l'én— Z |‘in(t)|/\1i_ Z
+00 ]:1

=

Bji(t)

/\H] >0, (44)

lim inf [-#,(t) + ] —d;(t) + 1] > 0. (45)

t—+00

Furthermore, the settling time for finite-time robust syn-

chronization can be estimated by ¢ < t=V(0)/YL, &, where

V(0) is defined by (46).

Proof. Construct the following Lyapunov function:

V)= 110+ 7200, (16
where
V0= 3 (a0 + (),
Vi) = 5o > 0=+ 5- Y () =)

(47)

w,; and w,; are defined by (42). Recalling the proof of
Theorem 10, we need estimate ), sign (e;(t))u;(t) and
Y%, sign (z;(t)),;(t). From the first equation of (41), we

From the second equation of (41), we have

i sign (z i sign (z

i=1 i=1

)<= - im(t)

i=1 i=1

[=7; sign (z;(t))

- 51gn
(49)

Furthermore, we have

il <}b ! + “"i;‘(t)| + ‘ﬁij(t)’))‘zj:|
|bji(t)|Ali:| le;(£)]

|
M=
|
L
AN
=
+
KA
X
>
M=

- Z [511“ Z !"‘ji(t)|)‘11 - Z ﬁji(t) /\1;':| le;(t — (1))l
i=1 j=1 J=1
- Z (i) + 17 = (1) + 1) |i(1))|
(51)
Condition (43) and the above inequality lead to
—z Efora.e.t>0. (52)

i=1

where Z; is defined by (43). Integrate both sides of the

inequality (50) on [0, ¢], then
V(t)<V(0)- ) Efort>0. (53)
Thus,

(54)
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-0.6

@ 16(0)]

-0.8 T T

_— e1(t)
— Zl(t)

t

—_— ez(t)

Zz(t)

FIGURE 2: State trajectories of error system (60) without control.

which leads to a contradiction. When t, < t,, we claim that
V(t)=0fort>t,. (55)

If V(t*) > Ofort* > t,, then, there exists some nondegen-
erate interval (t,,t,) C (t,,t*) such that V(¢) >0 for all t €

(t,,t,) contradicts with (52). Hence, (55) holds. By Defini-
tion 2, we obtain the desired result.

Remark 12. In a recent paper, Zhou and Bao [40] considered
the fixed-time synchronization for competitive neural
networks with Gaussian-wavelet-type activation functions.
Gaussian-wavelet-type activation functions are nonmonotonic
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1.5

0.5 1

-0.5

t

— (1) — &(t)
— Zl(t) Zz(t)

FIGURE 3: State trajectories of error system (60) by the control law (23).

and continuous. However, the activation functions of this  the fixed time in Theorem 10 is independent on the system

paper are nonmonotonic and discontinuous. Hence, this paper ~ elements.

deals with more complicated activation functions and general-

izes the corresponding results of [40]. Remark 14. We note that the control inputs (23) contain the
discontinuous sign functions; as a hard switcher, it may be
caused to undesirable chattering [20]. For avoiding the chat-

Remark 13. In Theorem 10, a kind of discontinuous control tering, we can replace the sign function by a continuous

input has been designed for achieving the fixed-time syn-  tanh () function to remove undesirable chattering. Hence,

chronization for the systems (1) and (3). It is noted that the control law (23) can be replaced by

{ w(t) = =ry; tanh (e(t)) = jyle;(t)| = Ly tanh (e;(t))[e;(t)|" = hy; tanh (e;(t))[e ()| - cy; sign (e(t))]e;(t = 7i(1)))] (56)
it(t) = =1y tanh (z,(t)) = jylzi(t)| - L; tanh (z,(1))|z;(£)["* = hy; sign (z,(t))[zi(t)[”.
4. Numerical Examples and the response system:
Example 1. Consider the following discontinuous fuzzy com- STM = () = — b AR (t : v+ AT
petitive neural networks as the drive system: HO Z d <y, ) R ;:ZI WA
# A af (7, =(0)) + ¥ Bf (7= 7(0)) + ¥ Ry v )
2 2 .
STM : x;(t) = —ax( Z ) +d;S,(t Z v+ Z\ LTM = Ri(t) = =Ri(1) + f;(yi(1)) + (1)
= = (58)

Let

(57) ei(t) =y,(t) = x;(t), z(1) = R(1) = Si(¢), i=1,2.  (59)
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Then, the error systems can be obtained by

(t)==ae(0)+ ) by[n(0) =y, ()] +dz(0)+ A e[ (t=70) =y, (=7 0) |20 = -z(0)+

= s

zi(t) = —zi(t) + [m;(t) - yi ()] + (1),

where

4 +sin t —6+2cost
—-6+2cost 4 +sin t ’

—4+2cost
~5+sint )

ay(t)=ay(t)=15+cost, (by), = <

—5+sint

() =dy(6) = 1, ()., = (

—-7+2cost
(8s),..= ‘
2x2 —-5+2sint

0.2 tanh (x) + 0.4 cos x —0.5,x>0;

-3+2cost

-3 +sint 2¢et
);Tl(t) =0t = ——

—7 +2cos t L+et’

fl(x):fz(x):{

0.2 tanh (x)++0.3 sin x + 0.6, x < 0.

(61)

It is easy to see that the activation function f;(x) is dis-
continuous and has a discontinuous point x =0 and co|[f;(
0)] =[f7(0),f; (0)] =[-0.1,0.6],i = 1, 2. Obviously, assump-
tions (H,) and (H,) hold. This fact can be seen in Figure 1.

The initial values of the system (57) satisfy the following
conditions:

6.5,5€[-2,0].
(62)

x1(s) ==3,%,(5) =5,8,(5) =-2.8,5,(s) =

The initial values of corresponding slave system (58) are

=4.6,R,(s) = -0.8, Ry(s) =4.5,s € [-2,0].

(63)

Y1(8) ==2.5,,(s)

State trajectories of error system (60) without control are
shown in Figure 2. From Figure 2, we find that systems (57)
and (58) are not robustly synchronized.

Choose

ri=9.25,7,, = 4.6,1,,=3.03,h;=2,¢,, = 12,

(64)
ry=8.05, 7, =32, 1,;=2.56,hy, =2,i=1,2,
as parameters of controller (23). Moreover, we choose
A;=02,1y,=05i=1,2. (65)

Advances in Mathematical Physics

By simple computation, we can have

Jim sup -—af(t)’Li (‘bij(t)’ + o (0] + ’ﬁff(t)‘))w]
j=1

=159<16.3=r;+ 7y — Ay,

[ 2
tinjoo sup FZI b]t() 1;| =2.6<44= .]11 /\li’

2
lim sup ;(’ t)| + ’ D/\U] =109<12=¢,
tiI{-loo sup |d (t)|=1<42=1+4j,,. (66)

Hence, all the conditions in Theorem 10 are satisfied.
Thus, the response system (58) can robustly synchronize
with the drive system (57) in a fixed time under the control

law (23). Obviously, 7=3.03, i = 2. Choosing p;=0.5,p,=
1.5, by Theorem 10, we have

1 1
= + =
I(1-p,) hd'P2(p,-1)

~266.  (67)

From Figure 3, the error system (60) converges to 0
under the control law (23) which means systems (57) and
(58) are robustly synchronized in a fixed time. The simula-
tions show that the main results of robust fixed-time syn-
chronization established in the present paper are correct.

Remark 15. It is well known that Lyapunov method has been
widely used for studying dynamic behaviors of neural net-
works. In this paper, designing some novel discontinuous con-
trol inputs and constructing proper Lyapunov-Krasovskii
functional, we obtain some sufficient criteria for achieving
fixed-time synchronization, and the corresponding setting
times are estimated. Our results and the proposed methods
are different from for continuous neural network systems
(see [6-8]). And the proposed analysis method is also easy to
extend to the case of other type neural networks. In the future,
we will further study the synchronization problem and/or the
Markovian jumping problem of competitive neural networks.

5. Conclusions and Discussions

This paper is devoted to studying the finite-time and fixed-
time robust synchronization of fuzzy competitive neural net-
works with discontinuous activations. For achieving fixed-
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time synchronization of the competitive neural networks, we
consider the fixed-time stability problem of the error system
between the drive-response systems which is an effective
method to study synchronization problems. We construct
a novel discontinuous state-feedback control inputs to the
response competitive neural system. Then, based on Filippov
solutions for discontinuous differential system, we obtain
some new criteria for guaranteeing fixed-time robust syn-
chronization of fuzzy competitive neural networks with
discontinuous activations. Fixed-time synchronization is
the basis of finite-time synchronization. Hence, we further
construct a simple switching adaptive control to the response
competitive neural systems which can effectively deal with
the finite-time robust synchronization between the response
competitive neural systems and the drive competitive neural
systems. It should be pointed out that we first study the syn-
chronization control of competitive neural networks with dis-
continuous activations. Finally, a simulation numerical has
been shown to verify the correctness of our theoretical results.
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